I. Introduction
Fatigue reliability analysis and prognosis are critical for structure design and maintenance. A lot of efforts have been made on deterministic analysis [1, 2] . However, crack propagation is a random process in nature [3] . Various uncertainties need to be carefully included for accurate and efficient fatigue reliability analysis and life prediction. The most common reliability methods are analytical methods and simulation-based methods [4] . The most wellknown MPP-base approach includes the first-order reliability method (FORM) [5] [6] [7] [8] and second-order reliability method (SORM) [5, 6, [9] [10] [11] . The simulation-based methods include direct Monte Carlo (MC) simulation method and MC method with different sampling techniques, such as importance sampling [12] and Latin hypercube sampling [13] . Both methods have been extensively used for time-invariant reliability analysis.
During the last decade, several inverse reliability methods have been developed by several researchers [14] . Lee and Kwak [15] developed the inverse formulation for low probability failure design. Kirjner-Neto et al. [16] reformulated the standard RBDO formulation with an inequality constraints. Royset et al. [17] extended KirjnerNeto's reformulation techniques [16] for series structural systems. Youn et al. [18] validated the PerformanceMeasure Approach (PMA) developed by Tu et al. [19] for inverse reliability analysis. Du et al. [20] [21] [22] modified and improved the efficiency and accuracy of traditional PMA. Qu and Haftka [23] [24] [25] developed and improved the Probability Sufficiency Factor (PSF) for system reliability problems with multiple failure modes. A comprehensive review of the inverse reliability method is not the focus of this paper and only a brief discussion is given above. The above mentioned work all focused on the time-invariant reliability analysis. Several studies for static failure using the inverse FORM method have been reported in the literature. Sanranyasoontorn et al. [26] developed an inverse reliability procedure for wind turbine components. Cheng et al. [27] applied the inverse FORM method to estimate the cable safety of long-span bridge. The investigation of the inverse reliability method to time-dependent fatigue problem is seldom found in the open literature, probably due to the difficulties with implicit response function [28] .
The key objective of this study is to find the residual life of materials under a specified reliability level. Many fatigue reliability analysis methodologies used the simulation-based approach to calculate the probabilistic life prediction [29, 30] . This approach is time consuming for system level applications. Other approaches solved the problem in a similar way with that of the time-invariant reliability problems, i.e., calculating the reliability level at a target life [29, 30] . This approach cannot give direct probabilistic life prediction. A novel inverse first-order reliability method (FORM) is proposed in this study to calculate the residual life corresponding to a certain confidence level. The inverse FORM method is originally proposed for reliability-based optimal design (RBDO) problem [31] . Several studies for static failure using the inverse FORM method have been reported in the literature. Sanranyasoontorn et al. [26] developed an inverse reliability procedure for wind turbine components. Cheng et al. [27] applied the inverse FORM method to estimate the cable safety of long-span bridge. Very few studies has been found on the investigation of the inverse FORM method to time-dependent fatigue problem, probably due to the difficulties with implicit response function [28] .
In this paper, a general methodology for fatigue reliability analysis of smooth specimen is proposed. The proposed methodology is based on crack growth-based fatigue model [32] and the inverse first-order reliability method (FORM) for time dependent fatigue reliability analysis. The crack growth-based fatigue model is using an equivalent initial flaw size (EIFS) concept. Various uncertainties from materials properties and initial damage conditions are included in the proposed methodology. Probabilistic life prediction using the inverse FORM method is compared with direct Monte Carlo simulation for model verification. Experimental fatigue data of various metallic materials are used to validate the proposed methodology. Generally, the predictions based on the proposed model agree with the experimental observations very well.
II. Probabilistic fatigue prognosis

A. Inverse FORM methodology
The first-order reliability method is a widely used numerical technique to calculate the reliability or failure probability of various engineering problems. Many studies have been reported on static failure problems using the FORM method [5, 33, 34] . It has been applied to fatigue problems to calculate the time dependent reliability. Unlike the FORM method [35, 36] , the inverse FORM method tries to solve the unknown parameters under a specified reliability or failure probability level, which is more suitable for probabilistic life prediction (i.e., remaining life estimation corresponding to a target reliability level).
Limit state function is required for the analytical reliability method. A generic limit state function is expressed as Eq. (1a) as a function of variables x and y. x could be the random material properties, loadings, and environmental factors and y could be the time and spatial coordinates. The limit state function is defined in the standard normal space for the calculation, which is similar to the classical FORM method [35] . Non-Gausssian random variables will be discussed later. The numerical search for the unknown parameters needs to satisfy the reliability constraints, which are described in Eq. 1(b) and Eq. 1.(c). β is the reliability index, which is defined as the distance from origin to the most probable point (MPP) in the standard normal space. The failure probability P f can be calculated using the cumulative distribution function (CDF) Φ of the standard Gaussian distribution. Numerical search is required to find the optimum solution, which satisfies the limit state function (Eq. 1(d)). Details of the general inverse FORM method and concept can be found in [31] .
The overall objective of the inverse FORM method is to find a non-negative function satisfying all constraint conditions specified in Eq. (1) . Then the numerical search algorithm can be used to find the solutions of the unknown parameters. Following the general concept of the first-order reliability method, the limit state function is approximated using the first-order Taylor's series expansion to facilitate the calculation. First, the limit state function Eq. 1(a) is expanded around random variable vector x and the indexing variable vector y is fixed.
And the increase of the vectors x and y can be described as:
A nonnegative merit function can be built as:
where both k1 and k2 are constants. Next, the reliability constraint (Eq. 1(d)) needs to be included. Substitute Eq.
Using first order Taylor's series expression, regarding both x and y are vectors of variables, the limit state function can be written as:
Substitue Eq. (6) into Eq. (7), the indexing variables can be expressed as
and the increase of x and y will be
A nonnegative merit function considering the reliability constraints can be written as : 
Numerical search algorithm is developed to iteratively solve the Eq. (1). The search algorithm is expressed as Eq. 1 and a 2 are the weight of function and can be calculated as:
And the convergence criterion is: (14) where ε is a small value and indicates that the relative difference between two numerical solutions is small enough to ensure the convergence. Using the proposed methodology, the complex inverse reliability problem can be solved efficiently compared to the direct Monte Carlo simulation method.
The above derivation assumes the random variables are standard Gaussian variables. In practical engineering application, non-Gaussian variables are commonly used for some non-negative physical quantifies, such as initial flaw size and fatigue limit. The proposed inverse FORM method can be extended to non-Gaussain variables with proper random variable transformation. This paper uses the transformation method proposed by Rackwitz and Fiessler [37] to transform the non-Gaussian variables to their equivalent standard normal space. After that the proposed inverse method can be used. Once the solutions are obtained in the standard normal space, the inverse transformation can be used to transform the solution to its original space. The random variable transformation can be expressed as are the probability density function (PDF) of the standard normal and original non-normal variables, respectively. This transformation works well for the fatigue problem of composite laminates since the distributions of random variables are not highly skewed. For highly skewed distribution, the transformation proposed by Rackwitz and Fiessler [38] can be used instead.
B. Application of the inverse FROM method to fatigue life prediction
A life prediction methodology using the Equivalent Initial Flaw Size (EIFS) concept has been developed [39] . This methodology has been validated for both smooth specimens and notched specimens [32] . The procedures are summarized below. Detailed derivation and explanation can be found in [39] .
The material fatigue crack growth curve can be expressed as
where C, m and th K Δ are fitting parameters. m controls the slope in the Paris regime. C is a function of the applied stress ratio for a specific material [40] . ΔK th is the intrinsic threshold stress intensity factor. Many available models have been proposed to include the stress ratio effects in the crack growth rate curves, such as the Walker's equation [40] and the FORMAN's model [40] . Detailed study of the stress ratio effect is beyond the scope of this study. We use a simple fitting function to include the stress ratio effects into the proposed formula as 
where a c is the critical length at failure, which can be calculated using the fracture toughness and applied stress levels, and depends on the specimen geometry and loading types. In the current study, a c is assumed to be a constant and a i is the EIFS determined by the Kitagawa diagram [41] and the El Haddard's model [42] as
where Y is a geometry correction factor and depends on the crack configuration. f σ Δ is the fatigue limit.
The above discussion is for elastic analysis and is appropriate for high cycle fatigue analysis, in which materials are usually remaining elastic during the entire fatigue life. For medium and low cycle fatigue problems, materials will experience plastic deformation. Elastic analysis is not sufficient for fatigue life prediction. To include the effect of plastic deformation, a modification using the cyclic reversed plastic zone concept [43] is proposed as whereρis the plastic zone size using the dislocation theory. 0 σ is the cyclic ultimate strength, which represents the fatigue strength when the cycle number is one. In the current simulation, it takes the value of the material ultimate strength, i.e. the material fails in one cycle.
Stress intensity factor range can be expressed considering plastic correction as
where Y' is the geometry correction factor using the equivalent crack length ' a considering the plasticity correction. ' a can be expressed as
(23) Once the crack growth curve and the stress intensity factor solution are determined, Esq. (22) (23) are used for life prediction followed the same procedure for pure elastic analysis.
The above discussion is for deterministic fatigue analysis. However, various uncertainties exist in the fatigue crack growth and need to be carefully included for accurate fatigue reliability analysis. The uncertainties can be the materials properties, the fatigue crack growth and external random loading. In the current study, two independent random variables are considered in the fatigue crack growth model: the equivalent initial flaw size a i and the parameter A in the fatigue crack growth model. Both the a i and A follow log-normal distribution. The limit state function in the inverse FORM method can be expressed as:
It is noted that g( ) limit state function is an inexplicit function of random variables. The derivatives to each random variable can be described as: 
The search algorithm is expressed as Eq. (26) after k iterations : 
The convergence criterion is: 
In this study ε is assumed to be 0.001. Once the convergence criterion is satisfied, N k+1 is the fatigue life corresponding toβtarget
C. Numerical example and model validation
In this section, a simple time-dependent numerical example is used to illustrate the proposed inverse FORM method. Two material parameters X 1 and X 2 are assumed as two independent random variables. X 1 follows lognormal distribution and has the mean of 54 and standard deviation of 2.7. X 2 follows normal distribution and has the mean of 38 and standard deviation of 3.8. The limit state function is shown as 0 ()
One million samples is used in the MC simulation and the result of probability is shown as blue solid line in Fig. 1 . The failure probability increases as time T increase. The inverse FORM has been used to calculate failure probability and the triangles represent inverse FORM results. It is obvious that inverse FORM results match well with Mont-Carlo simulation. 
III. Model validation with experimental data
Experimental data on fatigue crack growth testing are collected for several materials under different stress ratios. They are: 1) Al 2024-T3 material under three different stress ratios (R = -1 and R = 0.1). Al 7075-T6 material under two different stress ratios (R = -1, R = 0). Ti-6AL-4V under three different stress ratios (R = -1, R = 0.1, R= 0.5). A summary of the experimental data collection is shown in Table 1 . Ti-6AL-4V SN testing R = -1，R = 0.1,R = 0.5 [46] The fatigue SN testing results for smooth specimens of these materials under different stress ratios are also collected to compare with model predictions. From Eq. (20) , it can be observed that the equivalent initial flaw size a i is a function of the material fatigue limit. Once the statistics of material fatigue limit is obtained, the mean and standard deviation of a i can be easily calculated. The statistics of parameter A and fatigue limit for those three materials are showed in Table 2 . Fig.2 , the median fatigue life prediction results for Al-7075 have been shown under two stress ratios R = -1 and R = 0 .The fatigue life prediction has been done using both One million samples Monte-Carlo simulation and the inverse FORM. The solid lines and the dashed lines represent median prediction of fatigue life and 95% confidence bounds respectively. The red dots shown in Fig.2 stand for the result of median fatigue life using inverse FORM method. The median prediction result under R = -1 using inverse FROM can capture the trend of experimental data. However, it can not match well with the experimental data. The reason is that the variance of materials fatigue limit is very large. For the other validation for Al-7075 under R = 0, the inverse FORM results match well with experimental data, as well. These results also demonstrate that the calculated fatigue life is sensitive to material fatigue limit. It is shown that the inverse FORM results agree well with Monte-Carlo simulation for the median fatigue life prediction. The proposed inverse FORM can give an accurate result and significantly reduce the computational time. It takes about 26 hours to compute one million samples using MC Simulation, however, inverse FORM costs only 422 seconds. 
IV. Conclusions
In this paper, the inverse first order reliability method (FORM) has been proposed for fatigue prognosis. Compared to the direct MC simulation-based method, the proposed method is very efficient. This property makes it suitable for on-line prognostic helth management of various strcutural systems. Validation of fatigue life using inverse FORM has been done and compared with one-million-samples Monte Carlo simulation predicted results. Overall, experimental data agrees with inverse FORM results very well. Good agreements can be seen between inverse FORM and MC results. Future study is required to extend the proposed method to structural system applications under general random loadings. 
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